Abstract. We consider a family of smooth perturbations of unipotent flows on compact quotients of SL(3, R) which are not time-changes. More precisely, given a unipotent vector field, we perturb it by adding a non-constant component in a commuting direction. We prove that, if the resulting flow preserves a measure equivalent to Haar, then it is parabolic and mixing. The proof is based on a geometric shearing mechanism together with a non-homogeneous version of Mautner Phenomenon for homogeneous flows. Moreover, we characterize smoothly trivial perturbations and we relate the existence of non-trivial perturbations to the failure of cocycle rigidity of parabolic actions in SL(3, R).
Introduction
In this paper, we give a contribution to the ergodic theory of parabolic flows, namely flows for which nearby orbits diverge polynomially in time (see Definition 1) . Classical examples of parabolic flows are given by horocycle flows on compact negatively curved surfaces, more in general by unipotent flows on semisimple Lie groups, and by nilflows on nilmanifolds. Although the homogeneous case is well-understood, very little is known for general smooth parabolic flows. An important class of non-homogeneous parabolic flows is given by perturbations of homogeneous ones; the simplest of which are time-changes. A smooth time-change of a flow is obtained by varying smoothly the speed of the points while keeping the same trajectories.
It is natural to ask which ergodic properties persist after performing a time-change. In the case of the horocycle flow, mixing and mixing of all orders for all time-changes which satisfy a mild differentiability condition were proved by Marcus in [12, 13] . More recently, Tiedra de Aldecoa [24] and Forni and Ulcigrai [7] independently showed that generic time-changes have absolutely continuous spectrum (in the latter paper, the authors show in addition that the spectrum is equivalent to Lebesgue; see also the result by Simonelli [23] ). The case of time-changes of nilflows has been treated by Avila, Forni and Ulcigrai in [1] for the Heisenberg group and by the author in [22] for a class of higher-dimensional and higher-step nilpotent groups.
Here, we investigate the ergodic properties of a class of parabolic perturbations of unipotent flows on compact quotients of SL(3, R) which are not time-changes or skew-product constructions; to the best of our knowledge, this is the first such example. We consider a unipotent vector field U on a compact homogeneous manifold M = Γ\ SL(3, R) and we add a non-constant component in a transverse direction Z commuting with U . More precisely, given a smooth function β : M → R, we consider the flow { h t } t∈R induced by the vector field U = U + βZ, see §2. We prove that, if { h t } t∈R preserves a measure equivalent to Haar, then it is ergodic and, in fact, mixing. The key observation is that there exists a vector field W such that the Lie derivative L U (W ) is parallel to Z. Roughly speaking, this means that short segments in direction W get sheared along the direction Z when flown via { h t } t∈R . Since the flow in direction Z is ergodic, such segments become equidistributed.
We chose to work with SL(3, R) in order to provide a concrete example and making the computations explicit, but we believe it should be possible to carry out a similar approach for suitable perturbations of unipotent flows in compact quotients of all semisimple Lie groups, see Remark 1.
In our proof, we exploit the geometrical information given by computing the Lie brackets [ U , W ] (see §4) and we employ smooth analogues of well-known homogeneous arguments. The main difficulty in this setting is to prove that { h t } t∈R is ergodic. We remark that this is not an issue in the case of time-changes, since they preserve the orbit structure and they admit an invariant measure equivalent to Haar; hence they are ergodic. The proof of ergodicity for the perturbed flow { h t } t∈R can be seen as a non-homogeneous version of Mautner Phenomenon and we believe it is interesting in its own right, see §5. In order to help the reader in following the arguments, we postpone the proof of an auxiliary proposition to §6. The proof of mixing is presented in §5. In §3, we relate the existence of non-smoothly trivial perturbations to the failure of cocycle rigidity for parabolic actions in SL(3, R), see Theorem 5, whose proof is contained in §7.
Preliminaries
Let M = Γ\ SL(3, R) be a compact connected homogeneous manifold and let ω be the differential form on M inducing the normalised Haar measure. The Lie algebra sl(3, R) of SL(3, R) consists of 3 × 3 matrices X with zero trace; we identify it with the set of left-invariant vector fields on M (see, e.g., [9, Proposition 1.72]).
Denote by E i,j the 3 × 3 matrix with 1 in position (i, j) and 0 elsewhere. We decompose
is a maximal abelian subalgebra and
are nilpotent subalgebras. We remark that the centre z(n) of n is 1-dimensional and is generated by Z := E 1,3 . Let
be the basis of sl(3, R) associated to the decomposition above: it is a frame on M, namely a set of vector fields which gives a basis of the tangent space T p M at every point p ∈ M. For any vector field X (not necessary left-invariant) on M, we denote by {ϕ X t } t∈R the induced flow. If X ∈ sl(3, R), we have an explicit formula for {ϕ X t } t∈R , namely for all p = Γg ∈ M, ϕ X t (Γg) = Γg exp(tX). In other words, the flow {ϕ X t } t∈R is given by the right-action on M of the one-parameter subgroup {exp(tX) : t ∈ R}. By the Howe-Moore Ergodicity Theorem, every noncompact subgroup as above acts ergodically on M.
If X ∈ n, then {exp(tX) : t ∈ R} consists of unipotent matrices, hence {ϕ X t } t∈R is said to be a unipotent flow and X a unipotent vector field. Unipotent flows are mixing of all orders and have countable Lebesgue spectrum, see [16] and [2] . Moreover, a great amount of work has been carried out in investigating their ergodic invariant measures, from the results by Furstenberg [8] and Dani [4] for the classical horocycle flow, by Dani and Margulis [5] for generic unipotent flows in quotients of SL(3, R), to the celebrated theorems of Ratner [18, 19, 20] ; see also the generalizations to p-adic groups by Ratner [21] and by Margulis and Tomanov [14] .
To prove these measure rigidity results, one crucially uses that nearby orbits diverge polynomially in time. One version of this property is encoded in the following definition. Definition 1. We will say that the smooth flow {ϕ t } t∈R is parabolic if there exists n ∈ N such that
where Dϕ t is the differential of ϕ t .
Fix a non-zero unipotent vector field
and consider a sufficiently small C 1 -function β : M → R (how small will be determined later, see (3) below). We investigate the properties of the flow { h t } t∈R induced by the non-constant perturbation U = U + βZ of U . If U is parallel to Z, then the flow { h t } t∈R is a time-change of {ϕ Z t } t∈R . This case has been investigated by many authors and is well-understood, as discussed in the previous section; we remark that ergodicity is preserved by all time-changes. In this paper, we will assume that U / ∈ z(n) = RZ; i.e., we will consider perturbations which do not preserve orbits.
In particular, we have to prove that they are ergodic, which constitutes the main difficulty in this set-up. Since U ∈ n \ z(n), we have that c 
The result we prove is the following.
Theorem 2. Suppose that the flow { h t } t∈R induced by U = U + βZ satisfies (3) and preserves a measure ω = λω equivalent to Haar, with a smooth density λ ∈ C 1 (M). Then, { h t } t∈R is parabolic, namely D h t ∞ = O(|t| 4 ), ergodic and mixing.
In the following section, we explain and comment on the assumption of Theorem 2 on the existence of a smooth equivalent invariant measure and we point out the implications to our context of the failure of cocycle rigidity of parabolic action in SL(3, R), proved by Wang in [25] . In particular, we show that there exist perturbations { h t } t∈R which preserve a smooth equivalent measure and are not smoothly isomorphic to the original homogeneous flow {ϕ U t } t∈R . Remark 1. The properties of the vector fields U, Z ∈ n that we will exploit in the proof of Theorem 2 are the following:
(1) the flow in direction Z is ergodic, (2) U and Z can be included in a Heisenberg triple {U, W, Z}, namely there exists
We thus believe that Theorem 2 holds in more general settings than the case of SL(3, R). For example, consider a real semisimple Lie algebra g and let g = k⊕ a ⊕ n be a Iwasawa decomposition, where n is a k-step nilpotent subalgebra. Then, one can show that for almost every U ∈ n there exists W ∈ n and Z ∈ n (k) such that {U, W, Z} is a Heisenberg triple. Therefore, it is possible to generalize the proof of Theorem 2 to show that, also in this set-up, any flow induced by a vector field of the form U + βZ, with β C 1 sufficiently small, which preserves a measure equivalent to Haar is parabolic and mixing.
Trivial perturbations and cocycle rigidity
We assume that there exists a C 1 -density function λ : M → R >0 such that the flow { h t } t∈R preserves the measure λω equivalent to Haar. While this was obvious in the case of time-changes, see e.g. [7, §2] , in our case it translates in the following condition
where L U (λω) denotes the Lie derivative of λω with respect to U and is the contraction operator. Therefore, there exists a smooth equivalent invariant measure λω if and only if λ is a solution to the following equation
Remark 2. The assumption of Theorem 2 is equivalent to the fact that there exists a time-change of the flow {ϕ
which equals 0 if and only if (4) holds. If this is the case, for every s, t ∈ R, we have
We say that any smooth solution to (5) is a smooth cocycle over the abelian action of U and Z, or a smooth (U, Z)-cocycle for short. In the language of foliated differential forms, a smooth (U, Z)-cocycle is a smooth closed foliated 1-form Ω = −g dU + f dZ with respect to the foliation generated by U and Z.
In the following, all (U, Z)-cocycles are considered up to scalar multiplication.
Lemma 3. Smooth measure-preserving perturbations U are in one-to-one correspondence with smooth (U, Z)-cocycles (f, g).
Proof. Given a perturbation U = U + βZ preserving the smooth measure λω, from (4) we deduce that f = λ − 1 and g = λβ − ( λβ ω) are a smooth solution of (5). Conversely, if (f, g) is a smooth (U, Z)-cocycle, up to a rescaling factor we can assume that f ∞ < 1. Then, β = g/(1 + f ) defines a perturbation U that preserves the measure λ = 1 + f .
We say that a perturbation U is smoothly trivial if there exists a diffeomorphism F : M → M which conjugates the perturbation { h t } t∈R to the homogeneous flow {ϕ U t } t∈R , namely if the pushforward (F ) * maps U to U . (4), U preserves the smooth measure with density λ = 1 + Zw. By the proof of Lemma 3, the pair (λ, β) uniquely defines the (U, Z)-cocycle (Zw, −U w).
In view of Corollary 5, in order to ensure the existence of perturbations U which are not smoothly conjugate to the original unipotent flow, we need to address the cohomological problem of establishing whether all the solutions to (5) arise from a common function w or not. We say that the action of the commuting vector fields U and Z is cocycle rigid if the following holds if (f, g) is a solution to (5), then there exists w such that f = Zw and g = −U w.
(CR)
The question of cocycle rigidity (and related problems) on homogenous spaces has been investigated by several authors in different settings, including, among others, Damjanovic and Katok [3] , Katok and Spatzier [11] for partially hyperbolic actions, and by Flaminio and Forni [6] , Mieczkowski [15] , Ramirez [17] , and Wang [25] for parabolic actions. It turns out that, in general, cocycle rigidity for SL(3, R) fails: Wang showed that, for example, for U = E 1,2 and some lattice Γ G, there are smooth functions f, g such that (5) is satisfied, but the equations f = Zw and g = −U w have no common solution, see Theorems 2.5, 2.6 and Remark 2.7 in [25] . In particular, in our case, there exist perturbations U that satisfy the assumption of Theorem 2, and hence are parabolic and mixing, but are not trivially conjugated to the unperturbed homogeneous flow.
Remark 3. The problem of establishing whether there exists a measurable isomorphism conjugating { h t } t∈R with {ϕ U t } t∈R remains open, but appears to be a difficult question. Indeed, we remark that, in the simpler case of time-changes, the existence of time-changes of the classical horocycle flow which are not measurably conjugated to the horocycle flow itself follows from deep results on the classification of invariant distributions and on the deviations from the ergodic averages proved by Flaminio and Forni [6] , see, e.g., [7, §1] .
Computation of the push-forwards
In this section, we compute the push-forward ( h t ) * (W ) of a left-invariant vector field W ∈ sl(3, R) via h t . We recall that the Lie derivative of the vector field W with respect to the vector field V is defined by
and coincides with the Lie brackets [V, W ] p . In general, let us write
On one hand
but also
so that, differentiating w.r.t. s at s = 0 and by (6), we get
Equating the two expressions (8) and (9), and using (21), we obtain
which is a system of ODEs. Proof. By definition, we have that
where B is the frame chosen in (1). Since U, Z ∈ n, the operators ad U = [U, ·] and ad Z = [Z, ·] are nilpotent and in triangular form w.r.t. the basis B. The system (10) is therefore in triangular form and can be solved by substitutions. In particular, for all V ∈ B \ {Z}, one can check that the solutions a V (t) exhibit a polynomial growth in t of order at most O(|t| 3 ). The only linear equation is in the
Equation (4) can be rewritten as Zβ = − U log λ; therefore the exponential factor above becomes
which implies that a Z (t) is of order at most O(|t| 4 ).
Recall that there exists W ∈ n ∩ B such that [U, W ] = −cZ for some c = 0. We are interested in its push-forward. We have that
Thus, the system of equations (10) with the only non zero initial condition a W (0) ≡ 0 reduces to a single equation
whose solution is
Therefore,
Finally, for the push-forward of Z, we get
Ergodicity and mixing
In this section, under the assumption of Theorem 2, we prove that the flow { h t } t∈R is ergodic and, from this, we will deduce it is mixing. Ergodicity is established using a smooth version of Mautner Phenomenon for homogeneous flows. The proof of mixing follows the same ideas as in [7] by Forni and Ulcigrai for the case of time-changes; however, their bootstrap argument appears not to be generalizable to our setting, and for this reason the nature of the spectrum of the flow { h t } t∈R remains an open question.
Fix σ > 0 and consider the family
The curves ϕ (t)
By the chain rule and equation (11), the vector field inducing ϕ
where
By Birkhoff Theorem, there exists
Proposition 7. The function ℓ is constant almost everywhere and the family F has a unique limit point {ϕ 
s ∈ L 2 (M, ω) for all t ∈ R; more precisely, by the invariance of ω w.r.t.
Let g ∈ L 2 (M, ω) be a h t -invariant function. We have that
s , pointwise a.e. and, since ℓ is constant almost everywhere, the latter preserves the measure ω = λω. Therefore, by the density of continuous functions in L 2 (M, ω) and the estimate (15) above, it
→ 0. By the Cauchy-Schwarz inequality, we conclude
Since the equality holds, g and g •ϕ ℓ Z s are linearly dependent and so we must have g = ξ(s)(g •ϕ ℓ Z s ), where ξ(s) = ±1. We claim that ξ(s) ≡ 1. As s was arbitrary, we deduce that g is invariant under the flow ϕ ℓ Z s , which is a positive time-change of ϕ Z s , and hence is ergodic. This implies that g is constant.
It remains to prove the last claim. We notice that ξ(0) = 1, thus it suffices to show that s → ξ(s) is continuous. Assume, by contradiction, that there exists a sequence {s n } n∈N converging to s ∈ R such that ξ(s n ) = ξ(s m ) and ξ(s) = −ξ(s n ) for all n, m ∈ N. If g = 0, there exists ε > 0 and P ⊂ M of positive measure m > 0 on which g > ε. Let E ⊂ M be a compact set of measure greater than 1 − m/2 such that the restriction of g to E is uniformly continuous. Consider δ > 0 such that if the distance d(p, q) between any two points p and q in E is less than δ, then |g(p) − g(q)| < ε.
The flow ϕ ℓ Z s is continuous, hence there exists N > 0 such that for all n > N , we have
, which is not empty since it has positive measure. By uniform continuity,
on the other hand,
which is the desired contradiction.
We now show that ergodicity of { h t } t∈R implies it is mixing. Proposition 9. The flow { h t } t∈R is mixing.
Proof. By ergodicity, we have that for ω-a.e. p ∈ M,
Let f, g ∈ C 1 (M) be smooth functions with M f ω = 0; we have to show that
Fix σ > 0. We consider again the flow {ϕ W s } s∈R generated by W . The Haar measure ω is invariant under ϕ W , hence
Integration by parts gives
By Lebesgue Theorem, it is enough to show that the last term goes to zero pointwise almost everywhere for t → ∞. Fix 0 ≤ s ≤ σ. For any point p and for all t ∈ R, let (11) , the tangent vectors at this curve are
Let λ Z be the smooth 1-form dual to the vector field Z = λ −1 Z. Since
By ergodicity of ϕ Z , and hence of ϕ Z , we can assume that f is a smooth coboundary for ϕ Z , namely f = Zu for some u ∈ C 1 (M). For all V ∈ B, denote by V the smooth 1-form dual to V . Notice that, when integrating du = V ∈B V u V along γ, the only non zero terms are those corresponding to the components along W and Z. Thus, by (17), we have
which yields the estimate
Thus, the first integral in the right-hand side of (18) is uniformly bounded. Moreover, as we saw in (16) , for almost every p ∈ M for almost every r
again by Lebesgue theorem.
Theorem 2 follows from Propositions 6, 8 and 9.
Proof of Proposition 7
In this section, we prove Proposition 7 by showing that ℓ is constant almost everywhere and ϕ 
} k∈N converges at all points in the ϕ Z -orbit of p. More precisely, for all r ∈ R we have ϕ
Proof of Lemma 10. Fix any R > 0. We show that the tangent vectors of ϕ
Since, by hypothesis, for r = 0 we have ϕ
, we can conclude that the limit of ϕ Figure 1 .
We first compute the push-forward ϕ (t) s * ( Z) for t ≥ 1. By Remark 2, h t * ( Z) = ( Z). In order to compute the push-forward ϕ 1 t W s * ( Z), we have to solve a system analogous to (10) . Also in this case, the system is in triangular form, hence the only nontrivial equation is We get
From this, we deduce
For any s ∈ [0, σ] and any initial point q ∈ M,
Therefore, for any fixed s ∈ [0, σ], the tangent vectors of the curves ϕ
Since at the initial point p, i.e. for r = 0, by hypothesis we have ϕ
Consider a typical point p ∈ M and let
The family F p is clearly pointwise relatively bounded. For t ≥ 1 sufficiently large, we have
therefore, F p is also equi-Lipschitz. Hence, by Ascoli-Arzelà Theorem, it is relatively compact in
is Lipschitz and, in particular, it is differentiable for almost every s ∈ [0, σ]. Since the W -component of the tangent vectors of ϕ (n k ) s (p) converges uniformly to zero by (13), the limit curve ψ s (p) is parallel to Z. Moreover, by Lemma 10, ψ s is defined for all points in the Z-orbit of p.
Then, if the tangent vector of ψ s at q exists, it equals (ℓ/λ)(q)Z.
In order to prove Lemma 11, we need the following estimates.
Lemma 12.
There exist constants C Z > 0 and C W > 0 such that for all t ≥ 1 we have |Zℓ t | ≤ C Z and |W ℓ t | ≤ C W t.
Proof. Define C 1 = λ · (c + W β) ∞ , so that for all t ≥ 1 and for all p ∈ M we have |ℓ t (p)| ≤ C 1 , and C 2 = Z(λ · (c + W β)) ∞ . A direct computation using (12) yields
Similarly, by (11) ,
which concludes the proof.
Proof of Lemma 11. We denote by ϕ (n k ) (q) and ψ(q) the curves s → ϕ (n k ) s (q) and s → ψ s (q) for s ∈ [0, σ] respectively. Notice that, as we have already remarked, the curve ψ(q) is parallel to Z.
By Stokes Theorem, since ϕ
On the other hand, by (13) ,
By the Mean-Value Theorem, see Figure 2 , By Lemma 12, there exists a constant C such that
We remark that (ℓ t /λ)(p) is uniformly bounded in t and p as shown in (19) . Hence, taking the limit for k → ∞, using (20) and Lebesgue Theorem,
Finally, dividing by σ and taking the limit σ → 0,
We are now in the position to conclude the proof of Proposition 7.
Proof of Proposition 7. Consider p ∈ M and let ψ s (p) be a limit point of F p as above. By Lemma 10, we have
; hence, by Lemma 11, for almost every p ∈ M,
This implies that Zℓ = 0 almost everywhere. The family {ℓ t • ϕ Z s (p) : t ≥ 1} is uniformly bounded and, by Lemma 12, it is equi-Lipschitz. By Ascoli-Arzelà Theorem, it is relatively compact and every limit point is a Lipschitz function. Therefore, since ℓ t → ℓ almost everywhere, the function ℓ • ϕ Z s (p) is Lipschitz for almost every p. In particular, since Zℓ = 0, ℓ is constant along almost every ϕ Z -orbit. From the ergodicity of {ϕ Z t } t∈R , we deduce that ℓ is constant almost everywhere. We obtained that the tangent vector of ψ s at p is ℓ Z so that ψ s (p) = ϕ ℓ Z s (p). Since this holds for every limit point ψ s (p), ϕ ℓ Z s (p) is the only limit point for F p . Since p is arbitrarily chosen in a full-measure set, the whole family F must converge to {ϕ ℓ Z s } s∈[0,σ] almost everywhere.
Proof of Theorem 4
We now prove Theorem 4: we show that { h t } t∈R is smoothly conjugated to the unperturbed homogeneous flow {ϕ U t } t∈R if and only if β is a smooth U -coboundary. Let us assume that there exists a smooth function w such that β = U (−w). We claim that
In order to prove this, we compute the push-forward of U by F and we show it equals U , namely DF ( U ) = U • F . For any smooth function f and any point p ∈ M, by the chain rule, we have
Therefore, since β = U (−w), we conclude
which proves our claim.
Conversely, let us assume that there exists a smooth diffeomorphism F such that F • h t = ϕ U t •F . Since [ U , Z] = 0, the push-forward V := F * ( Z) of Z commutes with U = F * ( U ). The proof follows three steps: first, we show in Lemma 13 that V is a left-invariant vector field; from this we deduce that V is a constant multiple of Z, see Lemma 14. Finally, we prove in Lemma 15 that this implies that λ is cohomologous to a constant in L 2 , and, exploiting a result by Wang [25, Theorem 2.1], we deduce that the transfer function is smooth.
Lemma 13. The vector field V is left-invariant, that is V ∈ sl(3, R).
Proof. Let us write V = E∈B a E · E, where B is the frame in (1) and a E : M → R are smooth functions. We will prove that they are constant. Indeed, since V commutes with U , we have
All the coefficients in brackets are equal to zero, in particular, from the first one, we get U a E3,1 = 0. By ergodicity of U , we deduce that a E3,1 is constant. Considering the second term in brackets, we obtain U a E2,1 = −c 2,3 · a E3,1 = const, from which we deduce a E3,1 = 0 and a E2,1 is constant. Proceeding in this way for all the remaining terms, we conclude that a E is constant for all E ∈ B; that is, V ∈ sl(3, R).
The next step, Lemma 14 below, exploits the notion of Kakutani equivalence. We recall that two measurable flows are Kakutani equivalent if there exists a time-change of one which is isomorphic to the other.
Lemma 14.
We have that V = F * ( Z) = aZ for some constant a = 0.
Proof. We remark that the time-change {ϕ Z t } t∈R is parabolic in the sense of Definition 1; therefore {ϕ V t } t∈R must be parabolic as well. Since, by Lemma 13, V ∈ sl(3, R) is a homogeneous vector field, it follows that V is ad-nilpotent. It is possible to check explicitly that, if c 1,2 · c 2,3 = 0, then V ∈ U, Z ; namely, the only ad-nilpotent V 's which commute with U are linear combinations of U and Z. The only other possibilities are when U = c 1,2 E 1,2 , in which case V could be a multiple of E 3,2 , or when U = c 2,3 E 2,3 , in which case V could be a multiple of E 2,1 .
Since the time-change Z is smoothly conjugated to V , the homogeneous flow induced by Z is Kakutani equivalent to the one induced by V . In [10] , the authors introduce an invariant e(·, log) for Kakutani equivalence for unipotent flows and they provide an explicit formula to compute it in terms of the Jordan block structure of the adjoint matrix of their generating vector fields. It is an easy computation in our case to determine the Kakutani invariant e({ϕ V t } t∈R , log) for any V ∈ sl(3, R) of the possibilities listed above, using [10, Theorem 1.1]. The Kakutani invariant for Z is e({ϕ Z t } t∈R , log) = GR(Z) − 3 = 5 − 3 = 2; while, for all other cases above with V / ∈ Z , we have e({ϕ V t } t∈R , log) > 2. Therefore, we conclude that V is a multiple of Z. 
Notice that Dϕ We write all the matrices with respect to the frame B introduced in (1). Denote by f i,j (p) the entries of the 8 × 8 matrix DF (p). Since F is a diffeomorphism and M is compact, each entry f i,j (ϕ We compute the first row of the matrix product on the left hand-side of (21): since the first row of D ϕ t is e
